B.E.(M.D.U.)
Fird Semester Examinaion, 2009-10
Mathematics-1 (Math-1)

Note : Attempt five questions in all, selecting two questions from each part.
Part—(A)
Q. 1. (a) Test the convergence or divergence of the series :

Z!L\/n“ +1-vn? —1_‘
u, =Vnt+1-Vn* -1

Ans, Let

11 '
2 | - i(i“l) 1 E[E—IJ(I_Z\'
=Hn 1+_.__+ __.+2 2 2 }—]—+ ...........
2 pt 2t 8 3! n'?
LR
1 1 2\2 1
-, —+ .
p 21,8
=rl2 2{—-1—4“1" L }
2n 16n'?
1 i
:~——_>—+—'——la+ ..........
n<  8n
Let us take the auxiliary series v, = 2—1—2~
n-
Al?[l+—l—8—+ ........ ]
Now lim=2L =lim 2 8
v, 1
2

For more study material Log on to http:/www.ululu.in/



= 1(which is finite and non-zero)

) . . 1. :
Since the auxiliary series Ly, = 2—3 is convergent (as p = 2> ). Hence by comparison test the given
n

Jeries Zu, is also convergent.
(2. 1. (b) Discuss the convergence of the series
2252 33,3 4,4
+ +
2! 3! 4!

n’lx”

Arvs. Let U, = -
7

X+

; H
(n+ l)nﬂ xn+

u =
nl (n+1)!

u n" (n+1)

n! (n + 1)n+l

2

!
Uppp X
_1a"(n+1)

X (n+ 1)n+l

1 n"

x(n+1)"

.. By ratio test, Zu,, is convergent if

1 . 1
—>1 1e, x<-—

ex e

o . 1 .
& Zu, is divergent if —<1 ie, x>~
ex e

. 1 . .
For -}— =1, i.e.. for x = —, the ratio test fails.
ex e

Applying log test,
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u 1

n =g

Upyl ] (1+>1_\n
n)

Uy

=nlog|e
Upl (1+71_\n

= n[log e— 1og(l + -1} \
n

nlog

" -

r { 1
= n\f -n long+ —W
ny

rr
:nll—nll——%+—1—- ....... ﬂ
Lo\ 2?3’
1 3
= — B T
2n 3 J
1t
STy

lim nlog u, :l<1
n—x® Uyt 2

By log test, Zu,, 18 divergent for x = —. Hence the given series is convergent if x <~ and is divergent if
€ ¢

Q. 1. (c) State, with reasons, the values of x for which the series

X x*
X e e oo converges
2 3 4
2o 1
Ans. Let Tu, =x——-+t—— "t
2 3 4

‘The series Tu,, is absolutely convergent if the series Z|u, |is convergent. Applying ratio test,

x" n+l

n Con+l

Ll” -

iUn+l
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{3

n /x|

m‘* “y =1i«{(1+l)i}=l
Up ol njixj |l

So by ratio test, the series Z|u, | is convergent ifl—l—i >lie, [xi<lie, ~l1<x<l
X

.. The given series is absolutely convergent and hence also convergent if ~1 <x <1if jx{<1

When x =1, the given series is

Which converges by Leibnitz's test but converges conditionally.

Q.2. (a) Compute to four decimal places, the value of cos 32°, by use of Taylor's series.

Ans. To find cos 32° cos 32° =cos %

8n
=C0S —
45

Let us take cos 32° in the neighbours house of cos 30°

cos[ﬁ+f¢z)=cos(.x+h—h)
45 6 6
= f(x+h-h)
= fla+h)
h=(_83_3)‘ a="
45 6 6
h_481t—451t__1f_
270 90
b4 .
a=—
6
V3
(x)=cosx /(EJ: r_yo
Sf(x) 5 =055
"(x)=-sinx, ' Ej:-— nF_1
S (x) f(6 sin — >
" . ‘J’i
(x)=—cosx, "(E)=___
/ ’ 4 6 2
- : wf ) 1
X)=sinx, ==
r %)
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f¥(x)=cosx, - fiv(-g)=€ and so on

2 .
Now using Taylor's series f(x)= f(a)+hf'(a)+ %'— S[ay........

| (81:\ V3 n( 1) n: 1{-3 (RJSI(I\
€Oy = (ot —| == e X — | —— || — | =l = e
55)7 2 %072 50 2l 2 [Ts0) 32

cos32° = -\12_3— —-—; (0.0:':492)——l/£:é (0.00121945)+;13 (0.0000425832)+...

= 08660254 -0.01746-0.00052802 + 0.0000035486

cos 32° =0.84804 Ans.
Q. 2. (b) If p be the radius of curvature at any point P on the parabola y2 =4ax and § be its focus,
then show that pz varies as (SP)3.

Aus.

P(x. y)

Vertex

TDirectrix {(x=-a)

5P =(x~a)? +(y-0)’
(5P =(x-a)’ +»*
=x? +a® -2ax+4ax ‘ [ p? =dax]
(SP)? =(x+a)?
SP=x+a
(SPY =(x+a)’ e (i)
Now, giveﬁ y2 =4ax
Differentiating both sides w.r. to X,
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2y-—~=4a
ydx
d
 y (i)
2 2 2
1 (ﬁb_’ TN LT
dX ))2 dax

X az
32
or o2 =(x+aj X t;ax
X a
p2 —~-j4—(x+a)3
a

02 =2 (sP)® [from equation (@]
a

,o2 oc(SP)3 Hence proved
Q. 2. (¢) Show that the asymptotes of the curve xzyZ = az(x2 +y2) from a square of side 2a.

Ans. Given curve is x2y2 = (lz(x2 + y2 )

l
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Since all powers of xand ) are even asymptotes arr parallel to x and y-axis.
Asymptotes Parallel to x-axis : Equating coefficient of highest power of x to zero i.e.,

v -a? =0
y =1 aare the asymptotes parallel 10 x-axis
Asymptotes Parallel to y-axis : By equating the coefficient of highest power of y to zero

22
x“—a° =0

A
X = *a, are the asymptotes parallel to y~axis, y=a
Since equation of the curve is of degree 4, it cannot have more
than four asymptotes. Thus, four asymptotes are x = +a, y =+aq,which x=-g-—> «— x=3
form a square < S
Q.3.(a) Ifu=xtan"" (y/x) —y2 tan (x/y), evaluate
zﬁzz L 20 oty +) 5 0% ya
X oy M o =—
ox? Oxdy 5) 2 ,
. 2 x )
Ans. Given: w=x"tan" w tan "~ [—
‘ x) y)
Let u=v-w
2 -4 -1} X
Where, v=x“ tan ( ) Ztan” =
Y
vis a homogeneous function of degree n =21 x, y.
2%y o%v oty
Thus. x* ——x + 2xy yz ~—=n(n-1v
A< oxdy 3y 2
=2(2-1)
=2v (l)
Also, wis also a homogencous function of degree 2 in x, y.
2 2 )
G w o°w cw
x? 3 + Iy —— + y? — =2w
ox xdy oy o (i)
Subtracting equation (ii) from equation (i)
2 8° 0 .
X (»—u)+”xv~-—-(1 ~w)+ v 5 {v-w)
ox *\81 (1 <
=2v-w)
a%u d%u 8%u
= ,\‘2—-—-+2xy—-——+ 22 1oy
@;\'2 5.1‘8)} Gyz

Thus, we have
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2 2 2
%2 ?l+2xy?__"_+ y? o’u =2 x? tan—l(z)—y2 tan ™! ﬁ] Ans.
o Oxdy y? X y

Q.3.D) I filx, y) = tan ™! (xy), compute (0.9, —1.2) approximately.

Ans. f(x, y)=tan_1(xy)
Let us expand f(x, y)near the point (1, -1)
£(09, -12)= f(1-01, -1, -0.2)

= f(], —1)+[( 01— f+( -02)=— f]

‘)

2
af+(—o.2)2 QL e (i)

o f
+—{( 01)? a—_+2( 01)(=02)

X §
Now,

S, ) =tan” (x, y) S, -1==1
a_f_ y N " i
o 1+x7y :

S

7. x2 2 Lil-h==
o l+x7y 5 2
’f |
o2 222 P
ax (+x°y") ox
62_f~1+x2y2—2x2)/2 Zf(]—l)
Oxdy (1+ x2 7 )? Oxdy -
S —x(2xPy) ézf(, =]
o (1+x2 P>

Putting all these values in equation (i),

m 1 1
£(09, -12)= ~Z + (—(0.1)(—5)+ (—0‘2)(51

[( 01)( )+2( 0N (-02)(0)+ (- 02)( ﬂ ........

= _g 4 0.05-0.1+—; (0.005 + 0.02)

=_§+0.05—0.1+o.0125

(09, —12)=-0823 Ans.
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Q. 4. (a) Find the maximum and minimum distances from the origin to the curve
5.\‘2+()x_}w5)'2—8:0

Ans. Let p(x, y)be any point on the curve. Distance of the point 4(0. 0) from Pix. v) is

\/(x~0)2 + (y—O)2

If the distance ts maximum or minimuny, so will be the square of the distance.

Let feoyy=xt+yt o (i)
Subject to the condition Kx y)=5t +6y+Ssyt-8=0 (i)
Cousider Lagrange's function
F(x, y)y= f(x. y)+Ad(x, v)
F(x, y) =x? 4 y2 + 7&(5.\‘2 + ayy + 5,v2 -3)
Forsioteanars values il =0
et e L e e s e lde =0
A NS TRV
Dy 2{Gv+10y) =0
Muliiplyng equetion (in) oy vand equation (iv) by y and on adding
2x7 + 2 ) 106 + 6y + Goy + 1037 ) =0
20+ T ) 205 + v + 597 ) =0
= flx, 1)+A(8)=0
A= —g (using equations (i) and (ii))
From equations (iii) and (iv})
Zx—igr(l()xn*- 6y}Y=0
Zy—igr(ﬁx+1()y)=0
= 4x- f(5x+3y)=0
4y—f(3x+5y)=0
Or (4-5fw-3f/=0 v (V)
S3fc+(4-5D)y=0 (vi)

Solving equations (v) and (vi)
(3/) =(4=5/)

9% =16+25/2-40f
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162 ~40f+16=0
22 -5f+2=0
2f2-4f-f+2=0
2f(f-2)-Uf-2)=0
2/-1D)(f-2)=0

fe302
Thus, the maximum distance =42
=1414
. ) 1
& minimum distance = 5
=(0.7072 Ans.
“log(1
Q. 4. (b) Evaluate j‘w dx
g 1+x
o
Ans. I————-log(l+2dx) dx
o I1+x
Let us take o=1

1
_ ¢ log(1+x)
I= J“de

D 1+x
Now putting x=tan b
dx =sec? 040
Whenx=0, 6=0
When x=10= T
4

I "‘/[4 log(1+tan 6)
o (1+tan?6)

/4
[= Ilog(1+ tan.0)a’6
0

sec? 0d0

Applying property equation (iv) of definite integral

n/4 .
/= J Iog{lﬂan(z-—ej}d@
4

g
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i n
/4 I ! tan - —tan 6
11 1+! 4 do
) L
! |l+tan -tan®
{ \ 4

/4 .
of 14 i—tan 6 }10

i
—
=)
Uz

Il
U
Q
i
= .
—

5 i l+tan B
= jlog;’ - V—Ju’O
5 I+tan 6

n4 n'4

[= jlog 2.d6- jlog(1+tan 0)d0
0 0
/4
1= {log 2461
0.
n/4
2 = j log 2.6
0
n/4
= log 2 j 1do
0

2/ = log 267

7
2l ==log 2
2 g

! =glog 2 Ans.

Part—(B)

Q. 5. (a) Find the volume of solid formed by revolving a loop of the lemniscate r? =a%cos20
about the initial line.

Ans. For the upper half of the loop 6 varies from 0 to n/4. The curve is revolving about the nitial line

.., x-axis
2 /4
Required volume =§ s Jrl sin 046
0
P n/4 o
=-%-7t J'{a\/cos 26}3 sin 8d6 [ 1% =a? cos 20]
T
3 /4
= 271;1 }'(Zcos2 - 1)3’/2 sin 6d0
0
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Put J2cos 6 =sec d
—/2sin B0 =sec dran bdo

& when 8 =0, d=m/4 and when 6=§-. $=0

21ra 32 (—sec ¢tan ¢)
(>ec (S50 Jatug it il £47/
1(./{4 \/E

3 n/4
«ﬁna j. tan® dsec ddd

fora? ™
SN {Su -1? sec¢d¢

0
5 4

J(qec h— Zsec” drsecOg e (i)
- 0

,‘1.‘

Now using the reduction formwuia

fsec” p=" nj"l“““” (H_” [sec"2 gt

KA sec” ¢tan e 3™
Thus, Jsec ddd = I—————} +Z J.s;ec3 ddd

0 0

fo x/4 1/4 1
= v_22 + i— [:{ secoane d;an (I)} Jsec (pdcpJ
0

2 a3 {log(scc¢+tan¢)‘0‘

-l/22+—3—\8/2+§l a2+ 1)~2[—+3102(\/§+1)

V2 3{\5 1 l”}

/4 n/4
& jsec ddd= {MJ “+ jsec ddd

0

=§+—;ldg(x/§+l)

/4

& jsec ddd =log(v2+1)
. 0

-

From equation (1), Required‘ Volume
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v’ [Z—g + 2 log(v2+1) —2! V2 w L ioet3 4 1))+ o3+ 1)].
3| 8 8 |2 2 i {
2na’ ’>3 oz Gﬂ‘
= S log(V 2+ 1) —
CR
3 N . -
p =14 ﬁ[Blog(’v(2+i‘)—x/2] Ans.
24
44! 2\'71‘\:
Q. 5. (b) Evaluate J f dydx by changing the order of integration.
0 x!/da
4a 2Vax
Ans. Let o I= I Idydx
0 x*f4a
y2 =4ax
2)
"
' x2= 4ay
(0,0)
By changing the order of integration
da 2ay
= j J'dxdy
0 y*/aa
4a iy
- Vay o
I= j‘[x]y2 Jia d
0
4a ~
_ {ar _]dv
b 4a
4a 3 4a
;2f[z 3/21.1 RN
o 4a) 3
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4\/—— (4 )3/

’.,.,(4(7)3

L la

32?160’
3 3
2
:.ﬁ_ Ans.
3

Q. 6. (a) Evaluate J.”(x + y+ z)dxdydz over the tetrahedron bounded by the planes x =0, y=0.

:=0and x+y+z=1
Ans, To evaluate ”I(x + y+ z }xdydz over the tetrahedron bounded by the planes x=0, y=0, z =0

andx+ v+z=
J”- (x+ y+ z)dxdydz

= ”J‘xl_[ )'H 2+ v+ 2 )dxdydz

Where 0<x+ v+2z <1

i
JER U i-
Using Liouville's extension =TT ju. TR
+ 1+ 1
1
== fuuld
3 0
1
. fu"du
25
i
2] 4 0
Looaq
=={u
8[ 0
=~] Ans
8
Q. 6. (b) Show that
n/2 /2
sin@dox | ——=—=n
Wm0« [ 4205
) n/2 /2 0
Ans. Taking L.H.S. [ Vsin Bdox | ——
g Vsin9
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. w2 n/2
= Jsm” Bcos’ 0B x jsin‘“z Bcos’ 846
0 4}
o2 [1)+1Eq+71i
2 12
“'smp Bcos? Ol =51 4

0 ,,p+q+2
2

: ke

-+0+2 {—5+0+2

—

202 2

2

5T
o= o
N =

fl

t

&l
™~

=T

TN
Niv—‘|
e ®
5T

SRV

W) -

F
,
e I
4x— '—: ?
4 |4

=(Vn)?
=1 =R.H.S.

Q. 7. (a) Find the constants a and 5 so that the surface ax? ~byz =(a+ 2)x is orthogonal to the
surface 4x2y+ 2 =4 at the point (1, -1, 2).

Ans. Given the two surfaces are
ax® ~byz =(a+2)x
& 4x2y+ 23 =4
Let (oY =ax? —byz~(a+2)x
& = 4x2y+ 234

v (i)

» 0 d c
Vi (1——+/—+k-—](ar -byz —ax—-2x)
ox ov oz
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2)Y +i=bz)] + (=by )k

={uv—{a+2
At(l, -1, 2)
Vy =(a—2) -2 + bk i
~ (9 A a 7 a 2 k!
Also Vi =| I —+j—+k-— |(4x*y+2° -4
$¢ & [ o J Py az]( Y )
Vn =&yl +4x2]+32%%
AL -1,2) Vi =81 +4] +12k o (i)
Since both surfaces are orthogonal,
V.V =0
Ha=2)i -2b] + bk} =87 + 4] +12k} =0
= ~8(a-2)-8b+12b=0
~-8a+4b+16=0 wee (V)

Also sinee both surfaces are orthogonal at (1, —1, 2) so this point will satisfy the surfaces. Thus, from

first surface

a(1)? =b(~1)(2) =(a+2)(1)

a+2b-a-2=0
2b=2
b=1

Putting b = 11in equation {v)
-8a+4(1)+16=0

-8a=-20
20
a=—

8

5

a4 =—

2

The values of @ and b are —g and 1.

Q. 7. (b) If v; and v, be the vectors joining the fixed points (x,, Yis 21) and (x5, ¥y, 24)

respectively to a variable point (x, y, z), prove that
curl (vy xvy) =2(v; ~v;)
Ans. Vy =x;i+y ]+ 2,k

— R
[/2 :lel + y3j+ sz
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gk
—;r - 1 '
VixV, =Xy Ty
lxz Y2 sz

=i(y2p = y22y )= J(X 22 = X2 )+ k(xy ¥y = X331 )
VixV, :?(y]zz ~¥2I) )+}'(x22‘ —x129 )+ k(X ¥y =X )

- -
Now curtl (I x V)=V x (Vx V)

| i j k |
. 2 2
} & oy . oz ;
(viza=vozy) (%323 =x23) ( vy =X vy )
) 13 G a
=i —(xy ¥y X )~ (X2 —x 2y )}*1{7 (X yy —~xa ¥ )-— {372~ )}
| cv oz Oox 0z

J o 3
+h| == (a2 =x;23 )= = {¥125 =1 2))
ox Cy

=il =g )=y =x) )=y =y =0 =y N+ k(2 =23 ~(z5 - 7))
=H(20 ~2v) = j(2yy =23 )+ (22 ~227)

= i (x, =xp )+ J( = ¥2 ) +h(z —25)]

= (x4 y ]+ 21k) ~ (0 + yy) + 29K)]

=2V, —Vy)

= R.H.S.
Q. 8. (8) Verify Stoke's theorem for F = (x2 + y2 )f —2xy}' taken around the rectangle bounded

by the lines x=%a, y=0, y=5.
Ans. Let C denote the boundary of the rectangle ABED, then

A Y
E(-a, b) B y=b B(a, b)
=—a 8 Xx=a
4
Cal /x
D(-a, 0) y=0 A(a, 0)
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9’ Fodr=d[(x7 + v} = 2071 (Tdx r jdy)
:(i(xz + )"2 Yex = 2xy dy

The curve C consists of four lines AB, BE. ED and DA.

Along AB, x =a. dx =0, y varies from 0 to b

[ %y w20y

2 b
:K-AZaydy:—Zal(%l .:—-ab2

L~ Jo e (D)

Along BE, y=b. dy=0,x varies froma to —a

-

2 , s
j' (X" + 2 Yelx — 2x ey = J(x“ +p? Yebx
BE : :
il
Ty
b 2 !
=l =+ b x|
3

o ¢l
z" a”
— 2 2
= —uh® —— —ub*

3
~2a b}

= —2ab~
3 e (i)

Along ED, x=—a. dx =0,y varies fromhto 0

2 2 g Uy a2
IED(.\ + 37 x = 2xydy = Jh 2aydy = -ab

o (1)
Along DA, v =0, dv =0, xvaries from ~a toa
: 2 A B
I (X7 + vy Wy = 2xydy = f X dx=——
A -a i ( i V)
On adding equations (1), (i1), (iii) and (iv)
- - 3 3
dF dr=-ab? - -22— —2b* —ab? + -211‘
k2 3 :
= -4ab’ e (V)

- o
Now cerl F=V x F
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i 7k

_ i f} 8 5
PoAx vz

i 2 2 i

=(-2y- 2y)/€ = —4y/2
For the surface S, =k

= curl };‘ﬁ 2—4yIE.E=—4y

- h
Now _f L cufl/‘.ndS = J: fa ~4 ydxdy
= [ -7, dy

=-8a _[f ydy
= —4d[ y* ]g
=—dabh? e (Vi)
From equations (v) and (vi)
{F.dr= [[eul F.ids

Hence verifies Stoke's theorem.

Q. 8. (b) Using divergence theorem, evaluate j R.Nds where S is the surface of the sphere

s

By
Ans. To evaluate J.Lr. nds

Using divergence theorem,

jL ¥ AdS = ml_div?w

e (i)

We know that ro=xi+ o+ zk

-> -
r

divr =V,
s+ 0 0 ;0 s A oa
=\ i—+]—+k— | (xi+y/+zk
(ﬁx Jay 8:.'}( Y+ zk)
a

) é o
=L () (W)= ()
X oy lond

(@A
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=1+1+1
=3
From equation (i) j J.Sr. Ads = I J. J;}dV

- ffjar

=3 Volume of the given sphere with rad us 3

:3.ﬂ7tr3
3

=dnr’
=47(3)°
”S): AdS =108n  Ans.
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