B.E.(M.D.U))
First Semester Examination, Dec-2008

Mathematics-1 (Math-101-E)

Note : Attempt FIVE questions, Selecting at least two from each part.
Part-A
Q. 1. (a) Test the convergence or divergence of the series :

- 1

n=t AP(n+1)P

Ans. Here ag =
" aP(n+1)P
a 1
| =-
" (n+1)P(n+2)”
ay _(n+2)" _(Hz)"
8541 n? n =
Lim—"- =1
N-»© Ap ]
D' Alemberts Ratio test fail
From equation (1),
an =(l+z)p
an+l n
-1
=1 2p PP )4+ ......
n 21 n2
2p(p-1
=l+2p p(p2 ) ......
n n
=‘+z_p_+ ]‘
n nl+0
o 1
Where stands for the terms of highest powers of —.
: n
ag 2p (’l )
——=l+—+0 =1+
Thus. - n n

1
~. By Gauss test, the series is convergent if 2p>1 je., p> 5 and divergent if 2p<lie. P S% .
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Q. 1. (b) Discuss the convergence of the series :
ERSTIEAPORYE

.........

Ans. Here

Lim Sl

n—o Uy

D'Alembert's Ratio Test fails. Let us try Raabe's Test,

u, (2n+2)2

Wnit (2n+])2

2 2
Uy (2n+2) -(2n+1) _Upg
Upyg (2n+l)2 (2n+l)2
nun + 3) B un? +3n un-(H Jn)

n("g—n" - lJ = 5 = 5 = 3
Upy) (2n+l)- (2]‘)+|)_ unz(].*m]_)-
2n

= : (1+~~3—)
un

3

)
2n
Lim n[ Un —l]zl

7\ Una

n-»x
The test fails. Let us try Gauss test,

2
I+l

u 2n+2 2 2
R R,

2n

?\)

a+l (2n41) 2 I | ]2
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Comparing with Gauss Test Formula,

u 1 ¢
oy
Ul n‘ n
Here 1= 1
. The series is divergent.
Q. 1. (¢} Discuss the canvergence of the series :
> -
— >0.
oo n(logn) > p

Ay =~

Ans. n(log n)p -p=0

|

Let )17. p>0

x(log x
~ f(n)=a, forall n>2
Consider x| < x> where x|,x; 22
xi(logx;)" < x5(logx;)
| 1
>
xl[log(xl)}p x> (logx;)

Or p

Or " f(x;)> f(x2)

= 1{x) 1s a decreasing function of x. Also f(x) is non-negative forall x>2 .
- Cauchy’s integral test is applicable.
Case I : When p > i

n

n n -pl (log.‘()lip
L, :L f((x)dx =f2(logx) —dx =]
2 X 1-p ,
n
i ! 1 | <o

SN o S
s =P (logn)’™  (log2)”

I-p| (logx)"
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. . 1 1 1
lim 1, = lim - oo
nx w1 (logn)”T (log2)”

—__—
=Pl (10g2)"" | (p-1)(log2)"""
= Which is a finite quantity.
- Scquence (1) converges.

- By Cauchy Integral test. Z"‘n is convergent.
’ n=1{

Casc il : lfp "I

1
(logx)""
I-p

[, = Z"f(x)dx = J;(lox)_p &dx =

2

= ‘—_‘—F—)[(log n)l_" —(logz)]_p]

lim 1, = lim ——I—[(Iogn)qu —(Iog2)l_p}

n—»x n—sxt—p

= T-;—;’-[:c—(logl)l'p] =

A
- Sequence (1) is divergent and hence 24 is divergent.
n=|

Case IV :ifp =1,
1

noodx -
I, = = |, X —dx
"2 xlogx J; 2log x

= [Iog.logx];

= log(log n) - log(log ?)

fim 1, = o~ log{log2) ==
n-—>x

- Sequence (1) diverges to 4o .
-, By Cauchy's integral test, the given series is diverges.
tencee. the given serics converges if p > 1 and diverges if p<1,
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3a 3

a
Q. 2. (a) Find the radius of curvature at the point ( 2 ~—2‘) of Folium x? + y3 = Jaxy-

Ans. Writing the equation in the form,
3+ y3 ~3axy =0

Here, f=x+y’ -3axy

- (3a 3a
At the point | 57-757 | we have.

_9a2 _‘)a2 .
P 2 . 9 4 ,r=9a,s=-3a,t=9a

) (pz+qz)

p_._
—q2r+2pqs—p2t

3/2

Now,

Putting the value of p, q. T, s and t, we get,
Radius of curvature
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-3a
= 82 the required result.

Q. 2. (b) Find the asymptotes of the curve :
3_ nyz - xzy +2x3+ 3y3
~7xy+2x2.+2y+2x+l=0-

Ans. It is a third degree equation in x and y. Both x? and y~ are present, therefore, there is no
asvmptaote parallel to either of the axes. .
Putting x = 1. v = m in 3rd degree terms, two degree terms and first degree terms, we get,

dm(m)=2-m-2m* +m’?
o3 (m) = —1-4m+3m*
¢2(m)=2-7m+3m?
oj(m)=2+2
For the asymptotes, ¢3(m)=0
m?(m-2)-(m-2)=0
Or (m—2)(m2 ~I)=0
Which givesm = 2. 1, ~1.
o _=6(m) _ 3m? -Tm+2
- Cis given by ¢§(m) 3m? —4m-—1
When - 3 co_l2-t4e2
. Whenm =2, 781
1 = _.._3..—_2._2_ = — 2 —_ l
mon 3-4-1 2
_ 372
m =t Tea_] 2

. The asymptotes are ,
y=2x,y=x-land y=-x-2.
Q.3.(a)If u=f(r) and x = rcos®, ¥y =rsin0, then prove that :
o' o |
Tty = 1)),
ox ay r

Ans. Here u = f(r)

.
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x=rcosB, Y= rsin®

and
Squaring and adding, x>+ y2 =r?
112
=Ryt = (3 +y?)
3u or 1,2 V2
o) —=1fr)IxX 2%
=15 ()_( y?)
X
—1(r)
2 +y?
:f'(r)i [ X2 +y? =r]
r
I—xg-
8_2}1_ ..(r)_s_r_(f_) f.(r)r. ox
Bx? OX\ T r?
X.X
X X -
fr(r)—.—+f(r
()2 24
2 2 2
X< AT X .
= f(r)+ £'(r). 3 (D)
r r
61' _ 2 2 -1/2 B y
Now B_y—g(x +Y) (2y)==
du or
. R () —
and 8y (r)Sy
-r(n)
r
rl-y or
82u . O (V). ;e 'S
O U
dy dy \r re
yy r-y.Y
=f(v).=.=+f L
(2 L r()—
2 2 2
wio) Y -y ..
=f(y)—r2—+f(r) 3 ) ..(i)

Adding equations (i) and (i), we get,
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% 5y2 rcor r3
.2 21 "
ol X7 Hy f(f)[z 2 2]
=f"(r +—=12r" =[x +
()_ 2 J 3 ( y)
f(r)r, 2 2
:f"r+——— 2[‘ -Tr - 2+ 2=2
PRI ot =]
f'
= 1(r) +——-(;) .+

o]} l 't M
= f"(r) - f'(r) the required result,

Q. 3. (b) Given z=x"f;(y|x])+ y"fa(x]y), prove that :

» 922 8% ,0% & or o
XS+ Xy ———+ Yy —— F+X—+y—=n"2
ax? oxdy ° gy ox "oy

Ans. Here z is a homogeneous function of degree n in x and y, then,

X cz + oz _ nz
V% )
{By Euler's Theorem] .
Differentiating both sides partially w.r.t’x', we have
2z & Pz Cz
X—s+—+Y =n—
ox2 ox T oxdy ox

&z &%z I )

Differentiating Again (i) partially w.r.t.'y', we have

,
07z 7z oz 1574

X_‘—_:-+y“'—,)—+ .

x———azz + o’z =(n-1)
yox ) oy
Multiplying equation (ii) by x and equation (iii) by y and then adding,

A2 2 2 :
x2i~f+2xy~———a z +y2—a—§=(n—l) x—aE+y—aE ,
X~ oxay dy ox T oy

%4

dy .(iii)
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=n“z-nz
5 0%z Pz 8%z P oz 5
X< —=+2xy +Y =t X— Yy =2
ar Uiy T o ax oy

Q. 4. (a) Expand f(x,y)=tan"'(y|x) in powers of (x—1) and (y—1) up viurd degree terms.
Henee compute £ (1.1, 0.9) approximately.

Ans. Here, 2= [.b= [ and f(1.1)=tan"'(1) = %‘.

-y 1
f - =
1yl fe(11)
. X 1
f, = .
Y2 fy(1,1) 5
£o= 2xy |
XX 2 _
(x24y2) b (1) =5
g2 - x2
fxy
(x2+y2) , fxy(l,l)=0
-2xy
£, =X 1
Yy 2 _
(x2+y2) Ay (L) = 5
foo= 2y3 —6x2y |
ax = T _ 1
(x2+y2) (1Y) >
0. 2x3 — 6xy? |
XXy © 3 ___:_
(XZ +y2) s fxxy(l*l) 2
by = 6x%y -2y’ |
y -
ERERLO
6xy? - 2x°
fyyy = . !

3ot -1
(x +y2) + (b 2
Taylor’s expansion of f{x, y) in powers of (x~1) and (y~1) is given by

f(x:y) = f(l,l)+~:—!{(x—- (LD +(y - D, (LD)
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+—7l—'{(x‘ l)2 f.\.\‘('~‘)+2(x' l)(y* ‘)fxy~(l-|)+()’— 1)2 fyy(l,l)}

+—3—!{(x 1) o 1)+ 3(x = 17 (y = Dy (L) +3(x = )y = 1) g (1.1 + (v~ 1) fyyy(l,l)}+..

o3l 3

Putting x = 1.1 and y = 0.9, we get

(1.1,09) :%%(o.z)%(o)—é{(o.n)»* -3(00)° -3(01)* - (-0.1)*}

=0.7854 - 0.0967
=0.6887 -

Q. 4. (b) A tent on a square base of side x, has its side vertical to height y and the top is a regular
pyramid of height h. Find x and y in terms of h, the canvas re-

quired for its construction is to be minimum for the tent to have
a given capacity.

Ans. Let V be the volume enclosed by the tent and S be its
surface area.

Then V = Cuboid (ABCD, A'B'C'D’) + Pyramid(K. A'B'C'D")

..............
.....

2h

L pok
=xX"|y+— :
[y 3) ' : .

S = 4(ABGF) + 4AKGH

,
=X +—X
Y73

=4xy +4..El(x.KM) __________

=4xy+xv x2 +4h?

A .
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[ KM = VKL2 + LM?

For constant V, we have
3

oV = 2x(y +—2)0x + xz([)y)+—x3—0h =0
For minimum S, we have
oS = [4)/ +Vx% +4h% + x.%(xz +4h? )—”2 .2x}ax +4xdy + x.%(xz +4h?)
By Lagrange's Method, | ‘
[4y+m+x2(x2 +4h2)~”2jl+ l2x(y+g)=0 | )

..(ii)

2
8hoh=0

4x+Ax° =0
=112 2
ahx(x? +an?) 4 x."T =0 (i)

4
(i) Gives A = —— . Then (iii) becomes,
X

4hx(x2 +4h2)#l/2 _4Tx =0
J

Or x:«/Svh

. - 4 . L
Now, putting, x =+/5h , A = — in equation (i1), we get
X

4)/+3h+éh-i.2x(y+h):0
3 ox 3

14 8h

4y +—h-0y-—=0

Or y+3 cy 3
=7

Part-B

Q. 5. (a) Find; by double intégration, the volume generated by revolving the cardioid r = C(l + COSG)

about the initial line.

Ans. Equation of the cardioid is r = a(l+cos8) . Let the elementary area be rd@dr or dx dy volume
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rated by this area about initial line
=2nydxdy

=2n(rdBdr)(rsin6)

P
l/
0
Total volume =

Io La( F+cos6) 2nr? sinOdr do

= %TE "a3(1+cosb)’ i

| j (1+cos8)’(~sinb)..

(e

—2na l l+cos€))4]

R
3 3
=_—_21ra [0_ l6]= 8ma
Ix4 3

Q. 5. (b) Find the centroid of the region R bounded by the parabalic cylinder z= 4 - x*and the
planesx =0,y =0,y=6,2=0.
Ans,

y
Q. 6.(a) .U _*:;__ dxdy gver the positive quadrant of tt  ircle x> +y2 =1.

Ans. Let R be the region of integration

R= {(x,y): x? +y2 <1,x=0,y 20}
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)

—.dxdy i
” |+‘< +y (1)
Let : X =rcos6
y =rsin6
x2+y? =12

But x? +y2 <1, therefore r2 <1 or g<r<1

ox Bx

M _ g; 59_ _ cos@ —rsind| _
8y Oyl |sin® rcos@
ér 80

I'rom equation (1), we have,

/2

Jldrdo
9= ()Ir =0\ 14,2 H
Put v =z sothat 2rdr = dz

n/2
rdrde
‘.‘r Oul+r
Whenr=0.z=0and whenr=1,z= 1|
n/2
=l HTTE 2

2

Q. 6. (b) Find the value of E— .

Ans. First, we shall prove that B(m,n) =l:

. 1
Putting m=n= 7 we get
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= j(;x”}l(l - x)”z—ldx

1 1
b=

Put x = sin? 8 so that dx = 2sinfcos0do

7
Whenx = 0, § =0 and when x = [, G:E

-, From equation (1), we have,

i 2
:fnlz 2$?m9c059 40 = 2 n/ 40
0 sinBcosBO ,

\2 sinfcos0)do

Q. 7. (a) Find the divei‘gence and curl of the vector :
V= (xyz)i + (szy)j + ()uiz2 ~ yzz)ﬁ at the point (2, -1, 1).

Ans. divf = V.f
= l—a—+1—6—+k [xyzf+3x y}+(xzz—yzz)f(]
ox Ty cz
_ a & 2 é ) o)
_?;(xyz)+g(3x y)+E£(xz -y z)

= yz+3x2 +2xz—y2

Atpoint (2, -, 1)
=—Ix1+3x(2)7 +2x2x (= (-1)?

=—1+12+4-1
=14

Curl f=Vxf
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~ |-

1|\)r_
iy

N

S

~

3~y =

)
Ny 3y ,\'l“~—y22

i 2yz)- j{z2 - xy]+ k(6xy - xz)

At (2. -1 1)
S 2x=Ix Di—(1+2)j+(-12-2)k

2i-3j-14k.

Q.7.(b) I ¥ =« = v + /k , then prove that :

IR } -4
A i [ =2r
L rZJJ '

A s,
Q. 8. (a) ¥raiuate H A.iids , where A = zi+x]—3yzzf( and S is the surface of the cylinder

x4 yz = 16 included in the first octant beiween z==0and z= 5§,

Ans. A vector normal to the surfuce S is given by
V(x2 + yz) = i

n = unit vector normal to the surfuce S at any point of S.

_2xi+2yj  2xi+2y) .
= - o D e F._ .'- -
. a6 x> +y? =160nS]
CXi+y]
4

. - _dxdz . . Lo ’

Now, H A.tids = .UR A.n ~I——~ , where R is the region of projection of S on xz-plane.
nj

Note that we have not taken projection of S on xy-plane because the surface S is perpendicular to the xy-

_ Xz Xy dxdz
"HR[ P )1/4y

_Ué(xz+nydxdz

plane.

il

y

1

XZ
HR [7+ X)dx'dz For more study material Log on to http://www.ululu.in/



3

>

= j J‘[-——X-Z——-—-ov\)d.\ ’
" z=0x=0 \Hﬁ—-x2

)
=
B ——
+
>
o
-

q
5 5
= j5(4z +8)dz = [‘—11— + 82} =90
0 2 :

Q. 8. (b) Verify Stoke's theorem for the vector field F = (2x~y)i - yzz] -~ yzzﬁ over he upper half
surface of x2 4 y2 422 = | bounded by its projection on the xy-plane.

Ans. Clearly, the boundary of the upper half of the sphere S is the circle x2 + y2 = | in the xy-plane. the
parametric equation of boundary can be taken as x = cost, y=sint,z=0, 0<t<2n '

é fdr= §.(fidx + fody + f3dz)
fon-sp e
:j()zn(ch;st —sint)(-sint)dt
:Ig”(—zcostsint +sin’ t)dt

2n ]2 .
=[cos2 t] +4F sin? tdt
0 0

! n
:O+4.'2—.—5=7T (l)
i i k
Also cvrl f= __5_ __(2. i
ox oy oz

L8]

2x-y ~yzX -y

=i(~2yz+2yz)- (0-0)+k(0+1) =k
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HS curl f.nds = -”S k.nds

_ _dxdy
ﬁ'URl\'n n.k

Where R is the projection of S on xy-plane.

= HR dxdy

—'f:_lj' ‘/—\dyux

=4-.—=n A2)

Equalitv of (1) and (2) verifies Stoke's theorem.
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